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ABSTRACT

The :;pectral  propert ies  of Jacobi and periodic Jacobi m a t r ice s

ar e  a n a i v ;~ed and a lqor i thm s for the const ruct ion of Jacobi and p e r i od i c

Jacobi m a t r i ce s  w i t h  prescr thecl  spectra are presented . Numerical  evidence

demonst ra t e s  that  these algori thms are of practical  u t i l i t y .  ‘rh~~~ al~i o —

r i thms  have been used in studies of the periodic Toda lattice , and mi gh t

ai~;o be used in s tud ies  of inverse c iqenvalue  problems for Sturm — Louivi  l ie

equat ions and Hi 11 ‘ s equation
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Si gnificance and Explanation

In  t h i ~; r eport  we l ’r esent  a l g o r i t h m s which  solve two inverse ci genvalue

~ t ot ’iem s t h a t  a r ise  in  matrix theory. Coluputat ional evidence is presented

t hat ~j , ’In~-’n~;t rat t ’S t ha t  these a lgo r i t h m s are of p rac t ica l  U t i l i t y .

The u t i s t  inverse eiqenvaiue problem considers what additional information

u n i q u e l y dot ermines  the  e n t r i es  of a Jacobi m a t r i x  if  we know i t s  e igenva lues .

k’ecal I t h a t  a Jacobi mat rix is a real , symm etr ic  t r id i aqona l m a t r i x  whose next

t o  J a~~ona I entries art’ positive .

The second inver se oiq enva lue  probl em consider s  what a d d i t i o n al  i n fonna t  iOf l

‘i n i t p i e l y  Je t  ermines the  entr i e ;  of a periodic J a c T h i  mat r i x  if  we know its

~ ; i . ’n v . i l u e; ;  . A p er i o d i c  .laco l~ i matrix is obtained by r ep lac ing  t h e  e n t r i e s  in

~s t ipper  r i gh t  and l o wet  l e t  t csi n e t s  of a . Iacohi  m a t r i x  by t he same positive

numbe r

I nv~ 1 Si’ i’ iqonval u.’ problems ot t h i s  n a t u r e  •i t iS ’ in mat hom ii t ica 1 phys i c .

s i  eXaln} ’ i t ’ , t h e  const  oct i ‘n ;t a I inear a r ray  ot masses i n ter c o n nec te d  by

w i  t h ~~t iss’ I rht ’d normal mode;; of v i b r a t i o n  leads t c such inverse e i qen —

v a l u e  prob lems  . In add i t  ion , the  const ruct ion of a ladder network  of i ndut t oi

a ,n 1 t S S w i t h  i resc i i bed t ransm i so ion  cha t a t ’ t e t i  t t o  a 1 to I cad, ; t sot h
p

c t ’i q t ’nv .a lue  p r ob l em s .
I D

F’ i n a i l  y , FORTRAN nubrout  i ne;; w h i c h  i mpl ( ‘mont t host ’  . i l  qor i t  bin s •ire pi t ’sent  ed 0

i 0 IS ,t~ i’~’t~~1 I X .

-

I l l  I i I i  t ~ I o t I n ’  w~ S d in g  and V i SW: cx p t . ’ ; ;  se~ i n  t h i s  Jest t I ‘I i ye  simm,. I

I t .  with ‘ f l ’  , and i ; ’’t  w i t h  t tn~ , i i i t l i n t  of f b i , ;  t e l t i



THE CONSTRUCTION OF JACOBI AND PERIO D IC JACOBI MATRICES

WITH PRESCRIBED SPECTRA

Warren E.  Ferguson , J r .

1. I n t roduc t ion .  A periodic Jacobi m a t r i x  is any real , symmetric  mat r i x
of the form

a 1 
h

1 bN

p 

~~~~~~~~~~~~~~~~~~
hN _ l  

where b . ‘ 0 V i

bN l  aN 
-

This  paper shows how one ’ can construct  a periodic Jacobi matrix w i t h  prescribed
~p.’ct r a .  F o r  exam p le , t lists is a f a m i l y of per iod ic  Jacobi mat r ices w i t h  \

as e iqt ’nva j ut ’s i t  and on ly  if  the  numbers \ , . ‘N ar t ’  re ’a 1 and can
i t ’ ordered so th a t

~~~ — ‘~

Sim ilar problems have been studied by other authors  ~2 , 1 2)

The results t’resented in  t h i s  paper are based upon an analy sis of the  spe’ct t ~t1
I ro l t ’r t  ii ’;; of per j od ic  ,1~~co~t j  m a t r i c e s . The main  tool in t h i s  a n a l y s i s  is the
know l t ’Jqe of the’ spect ral  propert ies of Jacobi ma t r i ce s .  Reca 1 1 tha t  a Jacobi
mat i ix  is  any real  , symmet r ic  t r i d i a q on al  m a t r i x  whose next  t o  d iaqonal  e nt r  i .‘s .ir
~
‘ ‘ ‘  i t  iv e ’ . ; “tir  ~‘~tn n on i c a l  , l acobi mat r ix  w i l l  he t h e  mat r i x  obta ined by de’let m g

t e ~ n I .  t he’ I a,; t row and column , that i

a b 
-

= 

: l
~~_ 2 I ,  

where h , 0 V I.

An alger it lin w h i ch  conot rt i ct  ;; a Jacobi m a t ri x  w i t h  l’res ; ’ r i hed ;;1 t ’ct ra i
i’r .‘sen tr d in Theor~~n .‘ . T h i s  a l g o r i t h m  is t ier ived fr in the ’ fac t  t h a t  any real
syuvnet r Ic mat rix ha;; real e iqstwa I ues and a correspondi nq ft i l  I ~et ot rea l
ort hononn a 1 ,‘ iq .‘nv.’c t ot ;; . We liast en t o  point  out t ha t  essent i a 11 y t he same’
aiqor i t  lvi was presented by ei.~ Hoer and ~oluh I ~ I . S l iar  pr obi em; ; have ’ been
‘ , t  oil I .‘J l v  othet  aut  hors (8 , ‘~1

ott ; ~ ,~ j ~ij 1 ,~~~~~ ~ ‘; ~~~~i1~~t’~ ~T~ 1 Ii~i~~~ I~~A~ ~~~ -‘~~24. This  nta t~ ’i ta 1
‘ i ’ ; . ‘.1 t i j~ c iti work ig pt ‘t ted l’v t hi’ Nat ii t t t ,il Sc i I’lie ’ .’ F’oundat ion t ini tet  (~rai t t  No
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The spectra l properti es of periodic Jacobi matrices are considered in
Section 3. The result ;; pre’sented in this section are derived from a matrix
analog of Floqui’t theory  ( 1 1 ] .  In S e c t  ion 4 we use these results to charac-
t e r i ze  the’ f a m i l y of periodic Jacobi matrices w i t h  pr serihed spectra .

We present t he ’ r e su l t ; ;  of several numerical experiments in Section 5.
These r e su l t :  leeton ;t rat s that the ’ a lg o r i t h m s presented in Theorem s 2 and 6

re of I r ac t  t e a l  ut  i i i  t y . Indeed , t h e se  a l g o r i t h m s  have been used in performing
numeric-al .‘xpt’r iment ; on the ’  p e r i c) d i ( ’  Tod a l a t t i c e  14]  . In Section 6 we con-
clude I hi ’  Paper w i t h  ;;evera I ccinment s .

I ial l r q ~e’rt it ’;; of Jacobi Matr ices .  In this section we will con-
sid er t I; .‘ sp.’c t r d  ~ r it .’rt ies of the Jacobi m a t r i x

r

= \ \ b~ ~ 
wher e b . “ 0 V i

1

0 bN 2 aN l

Observe that J is a real , symmetric matrix . Consequently J has real eigen-
values and a corresponding set 

~ l ’ ’”’~ N— 1 of real , orthonorinal
eigenvectors [13 ,14]. If Y denotes the matrix whose %~~~. column is then
Y ‘s an orthogonal matrix snd

JY = YD where D 

[

~
1
l ] (1)

~N—l

Many important  re lat ionships between the sigenvalues and eigenvectors of J
can be derived from the representation

(u l  — J) 
-l 

= y ( u I — U )  — l ~T ( 2 )

of the resolvent of J . For example’ , by comparing the entries in row 1,

column N — i  of (2 )  we a r r ive  at the ident i ty

- ç N -l  0( 11) Y V . (3 .a)
1 ~N —2 — “ I ‘~; — ui l ,k N — l ,k

k k
Here

det ( 11T—J ) (3  .h)

is the characteristic poiynemiai of 3 and Y j,j denote;; the entry of Y in
row i , colum n i . Anothe r  impor tan t i d en t i t y ,  ~ised by St i el t  ies  in h is  t rea t  —
ment  of i nve rse  e iqenva  Inc  problem;; , t a n  Is dot ived f rem ( 2 )  by cempa r m g  t he
e n t r i es  i n  row 1 , co lumn  1 (o , row N — I ,  colum n N — i . )



--~~~~~~~~~~~~~~ --~~~~~~~
-----‘~~~~~~~~~~~~~~~~

--‘ ‘~--— -— - ---- .~~-~~~~~~~- .

In the work that follow s we will demonstrate that the  entr ies  of 3 can
be recove’red from the entries on the diagonal of D and in the first row of V -

Before we describe this process let us introduce the following :

Def inition 1: (a) The Jacobi matrix 5 is characterized by the data
{p,y} if and only if

(1) Ul i ” IUN 1  
are the eigenvalues of J , and

(2) 
~l

’” ’
~ N

...1 
are the first components of a set

of rea l , orthonormal eigenvectors of

3 corresponding to 0 l ’ ’ ~ N 1

(b) The data {ui ,y} is compatible if and only if

w 
~l

’ ’
~ N—l 

are real , distinct numbers, and

(2) 
~1

’
~~
”’

~ N l  are real , nonzero numbers whose squares

sum to one.

We feel justified in using the words “characterize” and “compatible” in this
manner because the following theorem is true.

Theorem 2: Data characterizing a Jacobi matrix is compatible. Furthermore
each set of compatible data {~~,y}  characterizes a unique Jacobi matrix J
The en tries (a ,b) of this Jacobi matrix are computed by the algorithm :

1. Y
0 3

0 V j

2. Y
1~~ 

= V ~
3. For i =

4. a1 = ~~~~~~~~~ U kY i k

5. b~ = 
~~~~

‘NIi
k
_a
~

)Y
I,k 

—

6. Y . . -~- - ( ( U , --a , ) Y , . - b . Y .  .]  V j
i+1 ,j b . j  i i ,j  i— i  1—l , j

7 . Next i

B . an_ i  = ~N-l Uk
Y
~~.l ,k

Proof: The proof of this theorem will be presented as a sequence of three
lemmas.

U 
_ _ _
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Lemma I . 1”.;t ; ’ Ii :s’t of comp a t i b le  dat  i ( : } i , t r ’ a c : t c ’r j ’, ,t ’ ;t  at: mn : :t  one p ’ s ’ ;  m c I  i s ’
Jacobi m at ’ r i x .

I ;  cof : 1 s t  Is l it ’ any i ’t  i odic J a cobi  m a t r ix  c l i , ir , e ’t  sr i  zt’d isy t h e ’  comp at i t  I
d a ta  {A , B , ~; , } . l e t  tl;t ’ , i5 i t ’obi  m a t r i x  ,1 , obtained by de let i n g  f r o m  L t l i e
l.ast row and column , hi c h ;a r a c : t  s, ’ ; i z s  ‘d by t h e  c t , i t  a ( i i  ,y - W i t h o u t  I~~~ts of g o n e r —
. i l  i t y  we may assum e tha t each y~ 

i ‘ ;  j s n : ;i t i ve , f o r  i f  y~ is the f i rst  compone nt
s f  ui e ’ i ’p ’n v s ’ s :t or Y of J th i i ’n  —y . is  the  f i rst  conqsont ’nt of t he  ‘ i g t ’n v s ’c t  ‘1

of J - We w i l l  now prove t h a t  t~~(’ e n t r i es  (a , h) of L a re  i d e n t i ca l  I

t h e  en t r i t ’:; (a , b)  of t h e  ~‘‘‘r i o ;hic Jacobi matrix L con : ;t r ;s ’t t ’ ;l  by t } ; s ’  a l ij o i  i t t i i n
‘f Theorem ( -

14 ’ , ’ definition the  I loquot m u l t i p l ier s  p 1, - • • of L corr ’::pssir ;ding to

‘‘ ‘N — i : : 5 ’it ’ j ~~~ f ’.’ t h u s  r t ’I a t i o nsh ip

-2 “~
B p . o  (ii . )  b ‘ j •  V .j -

The :;uzn of the squares  of t he  y ’~; equals one l i s n ’ , i u : ; i ’  I ho il it ,t  { ~i ,y  } is ‘ompa l —

ib is , t her e f o r e

‘2 s ’ I — l  14 .. 1 / B
h - -—---i’--- and y ,  — /— , V j  -N j~

l 
k~ 

‘ k ~ 
b~ / ~~~~~ ii . )

In v i ew of :;tep:; 1 and 2 we i n fer  tha t  hN = bN and y~ y~ f o r  a l l  j .  S in c e
both J and J are ’  cha rac te r i zed  by the  sam e d a t a  then Theorem 2 imp i i o n  tha t
J = ,.T ,  F i n a l l y ,  s l e p t ; 4 ,~nd 5 imply t ha t  b1,1..4 = b1,~~~ and a

N 
aN -

U

4 •  Per iodic  Jacobi Matr ices  w i t h  Prescr ibed Spec t ra. W i t h  these  b a s ic
f a c t s  e.’s tah l i shed  let u: ; now consider  how we can chara :t ( ‘r ize  t he  f am i l y ~if  perio-
dic Jacobi mat r ices  5’ho~;e eiqenva] .urs  are A

1,~ 
•..

~~
X
N -

Let I, be a per iodic  Jacobi m a t r i x  charac ter ized  by the  data  ( A , B , I ;  ,p

Then A 1, • - - , A N are  t he  eigonva lues of L if and o n l y  if  the  d i ;a ’ ri m in a nt  A C t )
of L a d m i t s  the  r ep r e s e n t a t i o n

A ( \ )  = 2 ~ ~ ( A - \ ~~) . (A ~~A~~) -

T h or  . ‘ f o r s ’  t he  problem of c h a r a ct e r i z i n g  the f a m i l y  of periodic Jacobi m a t r i ce s
w i t h  p sre oc ribed  spectra is i n t ima t e l y  related to t he  problem of c h a r ac t e r i z i n g  t h e
f a m i ly of per iodic Jacobi m a t r i c e s  w i t h  prescribed d i s c r i min a n t .  Let us i n t r o d u c e
th e f o l l o w i n g :

Pn ’finition 7: [“or each po lynomia l  p (A) let  F ( p )  denote the family of
pe r i o d i c  Jacobi matrices whose discri.minant i t ;  p ( X )  -

The prob lem ( i f  c h a r a c ter i z i n g  which p er io d i ( ’  Jacobi m a t rj ( ’ ( ’; ;  belonq to  r ( o )  1;;

an : :w. ’r e ’s l  in t h i s  f o ll o w i n g :

-10- 

- —
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sl ’ , . m i  i s ’!  , ‘t  ,‘ s’ . , ;  ;i;i’ml t ’ c  , s t  ( p s )  i t  ,tnd ‘ n i  II’ it

( 1 )  t P i , ’ s j , t t , i  ~A , 1l , I : , s i i t  s ’s ’snip s ,tt ‘.1 5 1 , ’ ,

( 2 ) i ’ ( ’ )  ~ 1\
N 

— A ~N l 
+ l s s w t ’ n  p~~ sss ’ s ’ n  1 ,  , ‘ t  \ I , O i l

I )  p (t i  ~
) p e V

on  t P t , ’ li ’ c’i , ‘ , ( I  ‘~~ i 5 l i i  sns’nii p ‘I \‘ i t  ~~~~ 51111 y i t

( 4 )  t l i t ’  s ’o , ’t  t i s , ’ i em i t  si t ’ i n  i ’ ( ’ )  i :; 
~~~~~~~ 

i t  i\’ ,’ , .t ti5t

( ‘i )  i ’ ( ’ ~
) hi, ;:: l s ’ s ’ , t l  ext  i ’e ’ni1i ,t t  N — i  m e a l , 5 l ; ~~.t  i n s t p ’ s , j n t , ;

“N - i  
w i t h  ( - 1)  1 

i’~~”

I’ t s s of: ‘l’li , ’ 1’roof s i t  t h i s  t l t e ’ o m ’ i’m w i l l  be p t  s ’ : . , ’ t i t  i’d ‘ i ’ . , t ’ ., ’s l ; i t ’ l i s ’ s ’  s ’t 1 w , ’

I t ‘xtun a
U

Lemm a 8 .1 :  ‘l’l~,~ l i t  , i  I A , 1’l , p i , ’ I ‘l i , i ;  , e e t  s; i ; ’. t’ : ’. , i  nie ’;uh ’i ’n s s t  C i ’ )  i t  ~~m i s t

l’~’ i f  ‘omidi t ion; : ;  (1  , ,‘ • 1) s s f  ‘l’heor i’m 14 , e i i ’  , ; , c  I i ;; I i i’d -

I n  s ss st  r F the ’  s l i t  ~ I A , 8,i i .1’ 1 ‘l i ai’ ,t et  t’~~ 
j ~‘.s ’ ; : 0 m,’nil sei s t  U ( p ’ )  t b i n

‘1 , ‘ui:: 4 and I ’  sl, ’lnis sn ;st i’,~ t s’ t hat  i ’ s s m i s l j t  j o1 ; :  ( 1 , 2 , 1) of ‘I ’h ic ’ i s i  eli; 8 ~; ;  ~ ‘ ‘ i t  ist i t ’ s I

l e t  u s  flOW l i p  ‘ p ’ s ’ :;e t h a t  ~‘O1;(l i t  i s ‘nit. ( 1  , 2 , I )  s s t  ‘l’ti, ’oi , ‘ni It .o ,‘ ‘:, i t  i : ;  I ;, ‘sI - 1 s t

‘ ( ‘ ~ ) I s ,  t h e ’  sl j :.s ’r i n n i n ; i n it  s’t t he ’ p ’ t ~~~ i (iil i e ,l,;s ’s sl s i mat i ix  s i t , ; ;  , e s ’ t  t ’ !  , ‘ , s I  [‘s’ l i i i ’  s l , e t  , ;

1 5 ’\ , H , ; i , ’ } Ns iW

~p ( \ )  .\( l~) — p s ( \ )

I y liolil i , m  1 of s t s ’ s ; ; s ’s N — .‘ ln ’i ’, i u ; ; , ’ t l;i ’ s ’ sa’t I i s ’ j s ’uit ; ;  s t  ~ N 1 
\
N 

~~~ \ ( 4~

I I  \ )  i ’ l l  55 ’ . Tui i ’t ’lr t ’m 4 . i l : ; s ’  imp i i t ’ : ;  I hat  ‘ i ( i :  . )  V 1 .t;isi ;;s ’

I l i e ’  s’;iL’  } s i s l y l i s sm i . i l  ‘I s I , ’s l ;  s ’ s  N . ’ w h i i s ’h i  i ; t  .‘i ’ l s ’ , c t  N I  s i t s !  t o t  p ‘ f l i t ’

i t ;  t h e ’  t t j~~ i i i  p s i u i \ ’ n o m i s i l  - i ’ssn: ;, ’s p i u s ’ i t t  I v t i n ’  , l , i t  ,i  C ..\ , iI , i , ’ I s ’ t i , t i  ,is ’t s t  ; : ‘ i ’ t : , t

m, ’mhi ’r ‘ t  f ( i ’~ -
U

I nns ; , ;  ti .: ’ : ( p 1  i :  l ;o;ie’mhst V i t  ~ t i s I  om i I ~ ’ i t  s ’ s s n ’ i i i j t  i s ’s :  (4 , ’’! ‘ ‘t ‘t ’h , ’ , ’ n  s 1 i t

i i i ’  ; ; . i t  i . 1  i e ’s I  -

1 ’ ;  ‘so t : I t  ( p 1  i :  i ; i i ; i i ’mp ’t  y t he ’ l l  I ,,‘n’im ,i II , I ,tnisl t Pt , ’ in, ‘ . i n i  \ , i  t i n ’ I ! i , ’ s ’ i 0111 ‘ I i i

I ,  t m a c ’ s l  t s s  i h , ’m i i ; i ; : t  n , i l  , ‘ I i;a t s ’ sm u s l ; t  i s ’ s : ;  (4 , “1 ‘ ‘I  i I ; , ; s ;  i ’m It i n , ’  ‘ , , ; t ; : , t  l i s t ,

I s ’ l  10; 110W ‘ .11 ‘ p s s s ’ ; ~~’ t h i t  s ’,i ;sl i t  i to il ; ( ‘I , “) s ’t ‘rho ’s ’ ;  t ill It  i i  s ‘ .0 i s  t i ,‘s l  - 1 , 5 1 ,\  , 0

1~~’ .1 , 1 ,~t’nn m i n t ’s I i t s ,  t t i , ;  I

p~ ( \ 1  I~ \ N 
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• 1 N — 1  
i i i ’  ; ;ee lu t  ions of

= p .  i __ ,!__ V ~J 1

The ’n the ’  51, i t  , m ( A , B , v , I i~; compat ib le’  and from Lemma 8. 1 we infer t hat t ii ,’
s la t  a I A ,14 , s , I s : h i a ract  er i Zt ’S a member of 1’ (p1

U

I ’ :. tnt;  Thit ’o rem H i t  i t t  not hard to  prove t he’ fs h o w  int,~

co r ol l a ry  ~): T h e ’ pet’ j od i r  .Iacsui,i m a t r i x  I has , • . . ,A as it e ig e ’n —
~‘,sl  u t : ;  i t  and on1y i f

h ‘ i i  F
B ‘0

W ht t ’t ’t’ ( \ )  2 + ( \  — 1
N~ 

F’ur tht ’~~ ore , t her e is a pier i oil i s ’  1 ‘ ms ’s ‘ h i
ma trix W it hi .is i t ; ;  e iqe’nva lues  if and onl y if t h e  number ;; ~ ‘ 

‘ 
‘ N

c , m n ;  1 s t ’  c’rde ’re’d ‘:s’ t hat

“ ~~~ , .~~. ~~~~ 
-‘ \~~ . 

\~~

5 . t’h ini e t i~ ’,;l Fx1’er iinent’ s. Let i t i t  now } ‘ t ( ’ ; . e ’n t  the  l’ e ’ l t l ; l t  t ; of t t ~~~ s l  .; I
f lu m e ’m’ i c a t  e’xp ser Ufls’nt Ii . These e’xpivr imi’nt s were s omrr it’d out on a t I N r\ ’A c I l l s l i i i

t t i l ; s t l ( ’  l ’ m e .’s ’ino ’n ) fleo atmnq i’t i int a;i t hmme€ i c ’ (2 7  b i t  m a n t is s , ;)  1 1 : - i n s t  t”0 1:’I’ 1~AN V t ’ ;

i o n ;:; ‘ ‘1 t lii’ .;l 
~~ ‘ s; i t  h,tfl : ‘r et ;en ted in  Theorem s 2 and t

In the’  f i r : tt  t ’ X ls e r  imt’nt we I e ’ : :t  t h e  a iqor it 1~~ ~‘r m ’ n ; ’ r u  t t ’ st it ;  ‘ l i i , ’, ‘t i’m .‘ - ‘ t i n t ’
i S :11 i t s  of t it i;; expel int ent  , c m e ’  p t  e , ’ t e  ‘nt ed in  ‘[‘ab l e ’ 1 . i ‘ l ’ : ; m ’ ; v  e ‘ t hat’ h i t  ‘ - a I . j ’ ’ n  t P
1;.;:; diffjc;;i tv  in e ’s ’s ’V t ’ ; ’  m i ;  t h e  , l , i s ’s s h ’j  m at  r i x  ;li ’~;~~; ’j l ’e’d in Fxam 1’lt  -

Expel’ im ent  I

I .  t ; s l , s ’t a .1 .is ’ s s h s ;  m a t r i x  J of o;’st c ’~ N — I .
2 . C~*up ’s; t .’ t h e  s l at a  ( p , y }  s ’ ) i ;m ’a s ’ t e ri z i nq  J [ I l , 14 , 1’’l

(a) U S e ’  I s ;  ::t ’ ’t ion t s s  cuinpute’ the ~~~
‘ 5 ,

( b) ; t ; t i ’  m ny c ’ ;  se ’  i te t , i t  t s . s m t  t o ceI’lflpiut ~ t h i t  y ’ s -

1 • t ’  O~ t i nt ’ a I ~; 5l i t  luti present esi in Theorem ? to  l e s ’ssli: ;t ru st the ’  Jacobi
matrix J cha;’act t ’t ’  iz i ’i l  by t h e  t I , i t  a I t i , y } .

4 .  (li l t  p s ; m t  t hem ’  c ’ r ; ‘n tI~,n — , ! I I whet’ ,’

max .‘t ,
i , 31 , 1

In t h e  st ’s ’s ’snii exper imm ’nt  we t i ’ s  t th( ’  .‘il s ; t  sr i t  hut p ’r esent ~ sl in  ‘I’hesir i’m ( s ‘r bne
t ’ ; . n t  I t s  of t h i n ;  eXp ’er  imt ’l i  t a r~’ p s ; s ’;  ‘t ’n I i’d i~ Table’ .‘ . 0t’t:t’rvt’ that the , l O s ’s ‘I ’

m at  I ’ i c e ’ ; ;  u : ; , ’,I  in I i;;’ t ’xamp’le :t s s f  L x p s e t ’  i men t  I a;~ ’ ~~l ’t .e i ’ i m ’s’l !~~~ ‘ d e h t ’tj n q  t l i e ’  l e t
row ,ind column front t in’ p ’er i osi is ’ , I acohs i m at  r’ ix u ti e ’ s1 i ll  t ite ’ i ’s’! Fe’: p ’ o ; u s l  i sq e’X,iiill

sf t~xj’ ’r ime’nt .‘ -

— 1. —
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“.‘

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

“

~~~~~~~

=‘— —

t X 1  5 ’ S  Oil s t i t  2

I - St ‘ I  e e l a p . t ’ t  jssd j~~ ,!aco}si matrix L of order N

- Cs ,l n l s ; i t  t ’  t h e ’  slat a ( A  ,B ~ , I eharact  er i z i sq L

(a )  i ; : , ’ t hi t ’  obviou s sum t o  canpute A

~i )  , : : i ’  l I s t ’  s s l s ~ ’ i s i l O :  1’rodw’t t o  c~~npute  B

( c I ‘ompsi;t i s  t t o ’  s l a t  5- i , y cha rac t e r i z ing  3 as desc ’r il;ecl I ; ;

t e 3 ’  1 of Expt’r Lm~nt 1 , and

(3) ctimp seit u I he ’ p 5 using Equat ion (6) -

l ’ s, ’ ti ; 1’ .i l q or it  hut pr i ’t i i ’ ; ; t  ed in Theorem 6 t o  reconst ruct  the  l ’ t ’ t  j s ’d i c
.l ,e ’ ’ ‘ i s i  mat x’ix t~ ch ar act er i z e d  by the  da ta  I A ,B ,p  ,i s l -

4.  tu t  p ut  t P n error II 15 — LII where

II Al l  = i l , i X ,1
I t

I , !

I t ;  [sot l i  s t  t I i , ’:;, ’ exp e l ’  im e n ts  we have not- worked w i t h  m a t ri ces  of s i d e  ‘I

N i i i  - ‘l i i i ’  1 e ’asoml why we have flot’ worked w i t h  mat rices; of order N 1(1 nnI.t\
i t ’  i’X p l a i ned ‘ i ; ;  f o l l o w s .  I l l  Examp le’ 2 of Exper intent 2 san e of t he  cotfl 1,’otit’n t S s t

y m l ;  t h e ’  s l , ~~t .i ( ,y  I lit ’s:om e smal le r  as N increases . For  exam~ 1s’ , t i ; t ’  : ;m,i ’L I -

t o t  c o l f l p ’ s ’r l e ’ r l t  s i t  y changes from 2-~hO
’
~ for N = 15 t o  2x10 20 fo r N l i .

nis ’s I he ’ i’ I s ’s p i t t met I t  i p s i  i S I S p depend on the squares of the  data  y w’ ‘ w ‘ I I
z’ nmm i n t  i i  ; ;r i s l i ’ t ’ f  I ow p ’ i s ’l s I  onto wht ’n  N 30 - The iumtediate remedy for t lii:.
I I ‘w p ’ t ’ I s i  em i S t l i e ’  u t t e  st l ixpar  it lim o in the comput’at ion of t he  1~’1oquet’ miii —

p I i s - i - - . ) t s ’ s e ’\’ , ’L , i i n i s I , ’t I h s s w  also os ’ctir;;  in tI ;1’ computation of y wl~~’i; N “

l ui s ’llt I v  t he ’ i t s , ’  , ‘ t  1 e sita t ’  I thm s ii ; not ,i j s .i l i t i ( ’ i ’ st —

- i ’ s ‘ :n i i en ; t  ,; . l et  ,, s ( t i  I he ’ t he cbmara ct : or i ;;t :i C p o l y n o m ia l  of t he • n a’ 0 1 ,1
f l ; .e t I ix 1 e d O .  e m l l t ’ il I rum 5T by del et ing the first row and column . By c’ ‘ml ‘s i t  i . i l

i i t  , ‘ ;  , ‘ I  (.‘1 I ii l’ s ew I , so I umu 1 we f i nd t ha t

- ~N — l  s .  ( p 1 2
- V

~~ ~k I , k

1° : ;  - , i s ! ,  ‘ n i t  i y wa;t ii c ’s I 1 ‘v St i t ’l l  05 in hi i s ;  s tudy  of inve ’r up e’ i q e ’t ;V ,I  i to ’  p ’ ;  ‘ ‘ i s i s ’nn ’

A ’ :  p I s n O t : ,  t o  p .  we ’ s 1 , ’ i l ; l i ’ e’ t h a t

isu ’ ( i i , )  \‘~ , V -
i , j

t’t si tu I i ;  i t t  s h ~~ ;t  i t  v we’ i y i f i ’ t ’ t bea t t h e ’  e ’iqm ’n v a lues u  of 3 s t r i c t  l y i m i t  em I . e  s ‘ I P s ’ s ’ : , -

of .1 - I - c u t  h iermot’ e ’ , f t - t im t h i s  e i q t ’n v a l ;m e ’ ;t  of 3 and 3 we’ can i t  s ’s’\’ t O  ‘ I i i ’  i e ’ . u

I i s , y 1 , ‘ h t m l  i t  , ‘i I t., sq 3 ansi !n’nct’ 3 i t s v lf .

I t  I ; t  i i i t , ’t  ‘; I j I l t )  t i i  l O s t  C ’  I Ps i  t t h e  a igor i t  hui ~‘rt ’n ent ’ e’d i n  ‘Plies ‘t e’ut .~ m : ‘ i i  ‘ ~1

i i i  t ome’ Vt’ ; h I  (‘liii s ‘ t t ime inip ’l  i s ’ i t  ~;h; i ft. QR a hs;oi’ i t  him 13 1  — The’~~t ’ y e  ‘e . i ’ i s ’

I l i e ’  ç’t~ , m i s ; ’ ’ ;  i t  hut u c i , i k e ’  u~ i’ of t he’ fac t  t ha t  if  B ~ A Q11 
, where ’ 1~ i ; - , e n ;  t i l l ;

t l t i i ’esl t ip  ‘ p s i ’ ; I I , ’: ::, ‘ m i t  s e ; sp  ma t  t i x  ansI ci i t :  a U n i t  ary  matrix , t’ he’s t b it ’ i ’ l l  t I i ‘ ‘0 I ’

, i n t l ‘2 ~~~ e ’  n i t ;  i s p e i e ’ i y  dt ’t (‘l’Thj ltOd f ront  t he  e n t r i es  of Pt and l iii’ s n i t  1 ; e ’ : .  t i m  I S , ’
i ; st  r o i~’ ~‘I _ ‘ T i ;  s ues  app l ic a t i on A = 1) , 13 = 3 ,‘insl ~l V .

— 1 1 —

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~



We can , ; I ; ; ,s recover the Jacobi matrix 3 from t h e  (‘ig(’nvaluen; and t lss i s :
components of the c o r r t ’ s p on s t i n q  real , or thonor ma l t ’iqenve’ctors  of 3 . To i t s I ’ m - ’
stand vS.’ let us consider the ~‘ermutatiori matrix

~

We find that S = I , t h e r e f o r e  f rom E qua t ion  ( 1) we deduce tha t

(sJ s)  ( sY )  = ( S Y ) D

Consequentl y the  a l g o r i t h m  presented in Theor~~n 2 st a te s  tha t  t u e  entri(’:; ot

=

can be recovered from the entries of D and the entries in the first row of SY ,
that is the last row of Y -

It also appears that Theor~ n 2 can be extended to sc~ne class of band
matrices. For example , let the real , symm etric matrix

- 
a
1 

b
1 

c
1 

0 
—

K = wher e c . ~ V i

0 
cN 3 b

N 2  
aN _ l  

—

have ti1~~ • • ,~ i~~...1 as eigenvalues and 
~1’

•••’~ N 1  as the corresponding ~~e,’t’ cs f

real , orthonormal eigenvectors. If Y denotes the matrix whose j
~~

, column is
then V is an orthogonal matrix and

Il l

KY =Y D where D = 
\ 0  

] 

.

—14—
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Tab l e ’  1: Results of Fxpe’r iment 1
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Example 1:

A ( I) = —2 I = l , ” ,N—1

B ( I )  = 1 I =
A ( N ) = 0

B ( N — 1) = B ( N )  = 1

N Error

5 g~ io
8

10 5X],O~~
15 1x10

6

20 2x10
6

25 3x].0
6

30 5x10
6

Example 2 :

A ( I )  = ( N÷ 1— I ) / N — 2  I = 1,”. ,N — l

B ( I )  = 1—(N—I)/N I = 1,” ,N — 2

A ( N )  = 0

B(N-1) = E ( N )  = 1

N Error

5 1x10 7

10 2~~l0~~
15 4xl0

7

20 3x 10 7

25 6x10 7

30 4 < l O ~~

Table 2 — Resul ts of Experiment 2
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A ( I )  = i . ” N — 2 I = 1 , •~~ • ,N — l

~~( I )  1 — i/N  I =

A (N) =

~~( N — l )  = B(N) = I

N Error

—8
‘5 4 ” i lO

l~~ l0~~~

l~~ l0~~~
0

20 2 ’l 0
(‘I

2 5 4”lO

5’s 100

T.il ’le .‘. Resu l t s  of Experiment  2 .
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8, Appendix

In this section we present listings of several FORTRAN subroutin es that

the author used while perfornming various com putational experiments.

No warranties , expressed or imp lied , are made by the author that t h i s

program is free of error . It should not be re’l it ’d on as the sole basis to

solve a problem whose incorrect solution could result in injury t o  person

or proper ty. If the prog ram is emp loyed in such a manner , it is at the,’ u t t e r ’ ;;

own risk and the author disclaims al , liabilit y for suchi misuse .
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